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We study the field equations of extensions of General Relativity formulated within a metric-
affine formalism setting torsion to zero (Palatini approach). We find that different (second-order)
dynamical equations arise depending on whether torsion is set to zero i) a priori or ii) a posteriori,
i.e., before or after considering variations of the action. Considering a generic family of Ricci-
squared theories, we show that in both cases the connection can be decomposed as the sum of a
Levi-Civita connection and terms depending on a vector field. However, while in case i) this vector
field is related to the symmetric part of the connection, in ii) it comes from the torsion part and,
therefore, it vanishes once torsion is completely removed. Moreover, the vanishing of this torsion-
related vector field immediately implies the vanishing of the antisymmetric part of the Ricci tensor,
which therefore plays no role in the dynamics. Related to this, we find that the Levi-Civita part of
the connection is due to the existence of an invariant volume associated to an auxiliary metric hµν ,
which is algebraically related with the physical metric gµν .
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2I. INTRODUCTION
The relation between gravitation and geometry was established long ago by Einstein. He constructed his theory
of general relativity (GR) using elements from Riemannian geometry and assuming that the metric tensor is enough
to fully characterize the space-time geometry. His theory turned out to be in excellent agreement with observations
and still remains valid today [1]. Nonetheless, there exist deep theoretical reasons to believe that the theory must be
modified at high energies, where the quantum gravitational degrees of freedom are expected to become non-negligible
[2, 3]. Observations of the large scale structure and dynamics of the universe [4, 5] have been interpreted as an
indication that the infrared sector of the theory might also need some kind of modification [6–9]. Einstein’s theory
could thus be seen as an approximation valid within a certain range of energies or length scales.
Phenomenological extensions of GR designed to address some of the above questions have followed different avenues,
but most of them implicitly adopt the view that geometry is a matter of metrics. However, affine connections play
a fundamental role in the implementation of general covariance and in the definition of curvature and torsion, which
are tensorial quantities that provide an objective measure of the geometric properties of a manifold, regardless of the
existence of a metric. Therefore, from a purely geometric perspective, one can consider a much wider framework in
the important task of exploring the dynamics of geometric theories of gravity. Since there is no a priori reason, except
tradition or convention, to constrain the connection to be exactly defined by the Christoffel symbols of the metric
at all energies and/or length scales, it seems natural to relax that constraint and explore its physical and technical
implications.
Relaxing the metric constraints on the connection has allowed to make important progress in different directions.
The first example was provided by Cartan, who found a fully covariant and geometric representation of Newtonian
gravity in a purely affine context (without the need for a metric) [10]. Cartan also considered the role of torsion, the
antisymmetric part of the connection, in GR. His original idea was further developed by Sciama and Kibble, yielding
a theory in which the curvature of the metric is sourced by the energy-momentum of the matter sources whereas the
torsion is sourced by their spin [11, 12]. The theory is experimentally as viable as GR [13] but has interesting new
effects at high energies, being able to avoid the big bang singularity [14–17]. Moreover, torsion effects may become
important in particle physics [18] and cosmology [19–22] and in electroweak interactions [23]. In the context of extra
dimensions a theory with torsion has been shown to be able to generate dynamical field equations in four dimensions
different from those of GR [24]. Torsion-based f(T ) gravities supporting black hole and brane solutions have been
also examined in the literature [25–27]. In a more fundamental string theory framework, it is well known that the
Kalb-Ramond field strength acts like a torsion in many situations [2], which may allow to experimentally probe some
foundational aspects of the theory [13]. The effects of torsion have been explored in different string scenarios [28–31].
The exploration of the role played by connections needs not be restricted to the exploration of torsion effects.
Symmetric connections are also relevant on their own. In particular, the original Hamiltonian formulation of GR by
Arnowitt, Deser and Misner [32], was possible thanks to the use of the Palatini representation of the theory, where
the metric and a symmetric connection are regarded as independent degrees of freedom. A related representation of
classical GR with a symmetric connection, the Holst action [33], is also crucial for the non-perturbative quantization
of the theory [34–36].
Beyond GR, the Palatini approach [37] has received increasing attention in the context of the cosmic speedup
problem and in applications to quantum gravity phenomenology [38], the early universe, and black holes. It has been
found, for instance, that f(R) theories formulated a` la Palatini naturally lead at late times to accelerating solutions.
The reason is found in the fact that the field equations in vacuum are exactly equivalent to those of GR with a
cosmological constant (GR+Λ), whose value depends on the particular f(R) Lagrangian [39]. This contrasts with the
usual metric formulation of such theories [40], where a dynamical scalar degree of freedom is associated to the f(R)
function and, therefore, the solutions of the theory in vacuum are those of a scalar-tensor theory rather than GR+Λ.
On the other hand, the Palatini formulation of quadratic gravity, R + aR2 + bRµνR
µν , for suitable choices of the
parameters (b > 0) also leads to non-singular solutions in the early universe, with the big bang replaced by a big bounce
in isotropic and anisotropic scenarios [41, 42]. In that theory, charged black holes develop a non-trivial topological
structure with the central singularity replaced by a wormhole, being certain configurations completely regular and
possessing solitonic properties [43–45], with interesting implications for the existence of black hole remnants and
the dark matter problem [46–48]. In vacuum this Palatini theory is also equivalent to GR and no new dynamical
degrees of freedom are present, which confirms the absence of ghosts and other instabilities that plague the standard
metric formulation of the quadratic theory [49, 50] and is in agreement with the observed universality of Einstein’s
equations in Palatini theories of gravity [51, 52]. In addition, the field equations in the Palatini approach are always
second-order, as opposed to the metric formulation of these theories.
Despite their appealing properties, Palatini theories have also been criticized in the literature on grounds of the
Cauchy problem [53, 54] and on the existence of curvature divergences in the outermost regions of spherical systems
with particular polytropic equations of state [55, 56] (see also [57–59]). However, using a Hamiltonian approach [60]
3it has been shown that the initial value problem is as well-formulated as in GR (because only up to second-order
time derivatives appear) and that erroneous manipulations invalidate the conclusions of [54]. The existence of surface
singularities in spherical systems is also far from being a fundamental problem for these theories because it only
affects to particular equations of state whose derivatives diverge as the pressure tends to zero. For sufficiently smooth
equations of state, which are necessary to account for electrostatic effects and other phenomena not captured by the
mere statistical properties of the matter distribution [61], the solutions are completely regular. Moreover, elementary
objects with electric charge [43], such as electrons or protons, do not exhibit such pathologies, which seem to be an
artifact of the approximations employed in the description of statistical/macroscopic systems.
Though much progress has been made in the Palatini approach and its applications in the last years, some basic
aspects of this formulation are still poorly understood. In particular, in this work we consider the role of torsion in
the derivation of the field equations and put forward the importance of invariant volumes in metric-affine theories to
deal with the connection equations. To be precise, since in the Palatini approach one assumes that the connection
is symmetric, i.e., it is torsionless, one may wonder if setting the torsion to zero a priori or a posteriori matters. In
other words, are the field equations the same if i) one sets the torsion to zero before performing the variation of the
action or if ii) it is set to zero after obtaining the equations? Focusing, in particular, on theories with Ricci-squared
corrections, we will see that there is a difference, that assuming vanishing torsion a priori is, in general, not equivalent
to setting it to zero a posteriori. We will also show that it is possible to associate the symmetric part of the connection
(or a part of it) with an invariant volume, which allows to obtain explicit (formal) solutions for the connection and
facilitates the consideration of these theories in physical applications.
The paper is organized as follows: In section II we derive the field equations both for a symmetric connection and
for connections with torsion. In section III we consider the particular case of Ricci-squared theories. First we assume
the connection to be symmetric a priori, and obtain and discuss the field equations, finding that the symmetric and
antisymmetric parts of the Ricci tensor are directly coupled to each other. Next we consider the presence of torsion
and show that the symmetric and antisymmetric objects are not directly coupled, being (a part of) the torsion tensor
the field that mediates their interaction. In both cases, the connection equations can be partially solved introducing
a metric hµν , related to the physical metric gµν by elementary algebraic transformations, but while in the former a
dynamical vector field arises, in the latter it is absent once torsion is completely removed. In section IV we study the
conditions for the existence of a well defined volume invariant and we conclude in section V with some comments and
future prospects.
II. FIELD EQUATIONS
In this section we derive the field equations corresponding to a generic Palatini theory in which the connection
appears through the Riemann tensor suitably contracted with the metric and/or with itself. We will first derive the
field equations assuming that torsion is set to zero a priori, i.e., we assume a symmetric connection. Then we will
consider the more general case, in which there are no a priori constraints on the connection, i.e., Γαβγ 6= Γαγβ and,
therefore, torsion is possible. The generic action that we consider can be written as follows [62, 63]
S =
1
2κ2
∫
d4x
√−gf(gµν , Rαβµν) + Sm[gµν , ψ] , (1)
where f is some function of its arguments, Sm is the matter action, ψ represents collectively the matter fields, κ
2 is a
constant with suitable dimensions (if f = R, then κ2 = 8piG), and the Riemann curvature tensor is defined as follows
Rαβµν = ∂µΓ
α
νβ − ∂νΓαµβ + ΓαµλΓλνβ − ΓανλΓλµβ . (2)
From this definition, it is manifest that the only symmetry of the curvature tensor is Rαβµν = −Rαβνµ, i.e., it is
antisymmetric in its last two indices. We assume a symmetric metric tensor gµν = gνµ and the usual definitions for
the Ricci tensor Rµν ≡ Rρµρν and the Ricci scalar R ≡ gµνRµν . Note that since we are working in the Palatini
formalism, no a priori relation between the metric and the connection is assumed. Thus the variation of the action
(1) with respect to the metric and the connection can be expressed as
δS =
1
2κ2
∫
d4x
√−g
[(
∂f
∂gµν
− f
2
gµν
)
δgµν + Pα
βµνδRαβµν
]
+ δSm , (3)
where we have used the notation Pα
βµν ≡ ∂f
∂Rαβµν
. The general form of δRαβµν is given by
δRαβµν = ∇µ
(
δΓανβ
)−∇ν (δΓαµβ)+ 2SλµνδΓαλβ , (4)
4where Sλµν ≡ (Γλµν − Γλνµ)/2 represents the torsion tensor, the antisymmetric part of the connection. It is at this
point where one must decide whether to consider a purely symmetric connection or if a torsion part is allowed. In the
following subsections we consider these two cases separately.
A. Symmetric connections.
In general, a connection Γλµν can be decomposed into its symmetric and antisymmetric parts as Γ
λ
µν = C
λ
µν + S
λ
µν ,
where Cλµν = C
λ
νµ. Assuming that S
λ
µν is zero a priori, the variation of the Riemann tensor becomes
δRαβµν = ∇µ
(
δΓανβ
)−∇ν (δΓαµβ) , (5)
where δΓανβ = δC
α
νβ and ∇µ ≡ ∇Cµ , i.e., it is the covariant derivative associated to the symmetric connection Cανβ . In
order to put the δRαβµν term in (3) in suitable form, we need to note that
IΓ =
∫
d4x
√−gPαβµν∇µδΓανβ =
∫
d4x
[
∇µ(
√−gJµ)− δΓανβ∇µ
(√−gPαβµν)] , (6)
where Jµ ≡ PαβµνδΓανβ . As is well known (see [10], chapter 21, and [64]), the covariant derivative of a tensor density
is, in general, given by ∇µ
√−g = ∂µ
√−g−Γλµλ
√−g, from which we find that ∇µ(
√−gJµ) = ∂µ(
√−gJµ). With this
result, (6) can be cast as
IΓ =
∫
d4x
[
∂µ(
√−gJµ)− δΓανβ∇µ
(√−gPαβµν)] . (7)
Using this, (3) becomes
δS =
1
2κ2
∫
d4x
[√−g( ∂f
∂gµν
− f
2
gµν
)
δgµν + ∂µ
(√−gJµ)
− 2∇µ
(√−gPαβ[µν]) δΓανβ]+ δSm , (8)
where Pα
β[µν] = (Pα
βµν−Pαβνµ)/2. Now, to make explicit the fact that the metric and the connection are symmetric,
this last expression can be rewritten as
δS =
1
2κ2
∫
d4x
[√−g( ∂f
∂g(µν)
− f
2
gµν
)
δgµν + ∂µ
(√−gJµ)
− ∇µ
[√−g (Pαβ[µν] + Pαν[µβ])] δCανβ]+ δSm . (9)
We thus find that the field equations can be written as follows
κ2Tµν =
∂f
∂g(µν)
− f
2
gµν (10)
κ2Hα
νβ = − 1√−g∇
C
µ
[√−g (Pαβ[µν] + Pαν[µβ])] , (11)
where Tµν ≡ − 2√−g δSmδgµν is the energy-momentum tensor of the matter, andHανβ ≡ − 1√−g δSmδΓανβ represents the coupling
of matter to the connection. For simplicity, from now on we will assume that Hα
νβ = 0.
B. Connections with torsion
When the connection is not symmetric, one finds that ∇µ(
√−gJµ) = ∂µ(
√−gJµ) + 2Sσσµ
√−gJµ. This implies
that (6) turns into
IΓ =
∫
d4x
[
∂µ(
√−gJµ)− δΓανβ
{
∇µ
(√−gPαβµν)− 2Sσσµ√−gPαβµν}] , (12)
5which, as compared to (7), picks up a new term in the torsion Sσσµ. Using this result, (3) becomes
δS =
1
2κ2
∫
d4x
[√−g( ∂f
∂gµν
− f
2
gµν
)
δgµν + ∂µ
(√−gJµ) (13)
+
{
− 1√−g∇µ
(√−gPαβ[µν])+ SνσρPαβσρ + 2SσσµPαβ[µν]} 2√−gδΓανβ]
+ δSm.
Since the variations δΓανβ and δΓ
α
βν are now independent, we thus find that the field equations can be written as
follows
κ2Tµν =
∂f
∂g(µν)
− f
2
gµν (14)
κ2Hα
νβ = − 1√−g∇µ
(√−gPαβ[µν])+ SνσρPαβσρ + 2SσσµPαβ[µν] , (15)
where from now on we assume also that Hα
νβ = 0. In order to compare (11) with (15) it is convenient to split the
connection into its symmetric and antisymmetric parts1, leading to ∇µAν = ∂µAν−CαµνAα−SαµνAα = ∇CµAν−SαµνAα
and ∇µ
√−g = ∇Cµ
√−g − Sαµα
√−g. By doing this, (15) becomes
κ2Hα
νβ = − 1√−g∇
C
µ
(√−gPαβ[µν])+ SλµαPλβ[µν] − SβµλPαλ[µν] . (16)
Setting the torsion to zero in this expression and comparing with (11), it is easy to see that the field equations
in these torsionless theories are different in general. The equivalence is limited to those Lagrangians satisfying
Pα
β[µν] = Pα
ν[µβ]. To see the effects of this difference in detail, we consider next some illustrative examples.
III. RICCI-SQUARED THEORIES
We now consider a particular family of theories in which the Lagrangian is defined using invariants constructed only
with the metric and the Ricci tensor or some parts of it. This will allow us to make contact with relevant literature
and obtain some new results.
Using the decomposition Γαµν = C
α
µν + S
α
µν , the Riemann tensor can be expressed as
Rαβµν(Γ) = R
α
βµν(C) +∇µSανβ −∇νSαµβ + SαµλSλνβ − SανλSλµβ . (17)
From the definition (2), we define the Ricci tensor as
Rβν ≡ Rαβαν = ∂αΓανβ − ∂νΓααβ + ΓααλΓλνβ − ΓανλΓλαβ , (18)
which can be recast as Rβν(Γ) = Bβν(C) + Ωβν(S), where [65]
Bβν = ∂αC
α
νβ − ∂νCααβ + CααλCλνβ − CανλCλαβ (19)
Ωβν = ∇Cλ Sλνβ −∇Cν Sλλβ + SλνβSκκλ − SλκβSκνλ. (20)
From the above definitions one also finds that
B[βν] =
1
2
[∇βCλλν −∇νCλλβ] , (21)
which indicates that the antisymmetric part of Bβν , which has been constructed with the symmetric part of the
connection, is not zero in general (even in the torsionless case, where Bβν coincides with Rβν). Also, the symmetric
part of Ωβν is not zero in general. Therefore, the most general action constructed only with the building blocks of the
Ricci tensor and its contractions up to second order can be written as a functional of the scalars gµνB(µν), g
µνΩ(µν),
B(µν)B(µν), Ω
(µν)Ω(µν), B
(µν)Ω(µν), B
[µν]B[µν], Ω
[µν]Ω[µν], B
[µν]Ω[µν], and of the contractions of the dual tensors
B∗[µν]B∗[µν], Ω∗
[µν]Ω∗[µν], B∗
[µν]Ω∗[µν], where all the indices are raised with the metric.
We will first consider the field equations of theories constructed with some of the above invariants in the torsionless
case (assuming that the torsion is zero a priori) and then will consider their form when torsion is allowed.
1 Note that even though the connection is not a tensor, the difference between any two connections is a tensor, so we shall refer to Sαµν
as the torsion tensor.
6A. Spaces with a symmetric connection
If the connection is assumed symmetric a priori, the objects that can appear in the action are just gµνB(µν),
B(µν)B(µν), B
[µν]B[µν], and B
∗[µν]B∗[µν]. We will refer to these theories generically as f(B,QS , QA, Q∗A), where
B ≡ gµνB(µν), QS = B(µν)B(µν), QA = B[µν]B[µν], and Q∗A = B∗[µν]B∗[µν]. Since in the literature only theories
of the type f(B,QS , QA) have been considered, for the moment we shall restrict our attention to this family (for
simplicity, we will also assume that the matter is not coupled to the connection). In this case we find
Pα
βµν = δµα
[
fBg
βν + 2fQSB
(βν) + 2fQAB
[βν]
]
≡ δµαMβν , (22)
which inserted in the field equations (10) and (11) yields
fBB(µν) + 2g
αβ
[
fQSB(µα)B(νβ) + fQAB[µα]B[νβ]
]− f
2
gµν = κ
2Tµν (23)
∇Cµ
[√−g(δµαM (βν) − 12 (δναMβµ + δβαMνµ)
)]
= 0 . (24)
Since Mβµ =M (βµ) +M [βµ], tracing over the indices α and ν in (24), one finds that
∇Cλ [
√−gM [βλ]] = 3
5
∇Cλ [
√−gM (βλ)] . (25)
Using this result, (24) can be written as
∇Cλ
[√−g(δλαM (βν) − 15 {δναM (βλ) + δβαM (νλ)}
)]
= 0 . (26)
This equation can be formally solved in general for theories of the form f(B,QS, QA) = f˜(B,QS) + fˆ(QA) by means
of elementary algebraic manipulations. Key elements in the derivation are the following:
1. Denote Pµ
ν ≡ B(µα)gαν and Fµν ≡ B[µν] = 12 [∂µCν − ∂νCµ] (because there is no torsion), where Cν ≡ Cλνλ.
Raise one index in (23) with the metric, and bring all the Fµν terms to the right-hand side to get
f˜BPµ
ν + 2f˜QSPµ
λPλ
ν − f˜
2
δµ
ν = κ2Tµ
ν + τµ
ν , (27)
where
τµ
ν ≡ 2
[
fˆQAFµ
λFλ
ν − fˆ
4
δµ
ν
]
. (28)
Since B ≡ Pµµ and QS ≡ [P 2]µµ, (27) can be seen as a quadratic matrix equation implying that Pαβ is an
algebraic function of the elements on the right-hand side of (27), which can be seen as the matter sources. Note,
in this sense, that τµ
ν is formally identical to the stress-energy tensor of a non-linear theory of electrodynamics
with Fµν playing the role of the field strength tensor
2, and that it does not depend on Cλαβ .
2. Decompose M (βν) = f˜Bg
βν + 2f˜QSB
(βν) as M (βν) = gβαΣα
ν , with
Σα
ν = f˜Bδα
ν + 2f˜QSPα
ν . (29)
Assume that Σα
ν is invertible (which is true for models sufficiently close to GR). The invertibility of Σα
ν implies
that M (βν) is also invertible. Denote as Wµα ≡ [Σ−1]µκgκα the inverse of M (βν), which is also a symmetric
tensor.
2 Note in passing that if we include a Q∗A piece in the Lagrangian density, a contribution 2fˆQ∗A
Fµ
λFλ
∗ν to τµν would also appear in (28),
thus completing the typical form of the stress-energy tensor of a non-linear theory of electrodynamics.
73. Introduce the vectors lα ≡ ∂α ln
√−g and σα ≡ ∂α ln
√
detΣ. Note that lα is the gradient of a scalar function
and that in GR it coincides with Cµµα. In the (more general) case considered here, we will see that C
µ
µα may
also pick up a pure vector contribution, i.e., it is not just given by the gradient of a scalar. Now use the relation
Wβν∂αM
(βν) = 2(σα − lα), which is analogous to gβν∂αgβν = −2lα, to show that ∂λM (λβ) + CβλρM (λρ) =
(4lλ − 5Cλ + 5σλ)M (λβ).
4. Expand (26) and use the above notation and results to obtain
∂αM
(βν) + CβαλM
(λν) + CναλM
(λβ) = Φλ(δα
νM (βλ) + δα
βM (νλ))− ΩαM (βν) , (30)
where Ωα ≡ (lα − Cα), and Φλ ≡ σλ +Ωλ.
From (30) it is easy to show that
Cλµν =
Mλρ
2
[∂µWρν + ∂νWρµ − ∂ρWµν ]− 1
2
[
δλµΩν + δ
λ
νΩµ −WµνM (λρ)(2Φρ + Ωρ)
]
. (31)
Given the form of this solution, it is natural to introduce an auxiliary metric hµν and its inverse (this is just a choice
of the conformal representative),
hµν ≡ (
√
detΣ)Wµν , h
µν =M (µν)/
√
detΣ , (32)
in terms of which (31) takes the form
Cλµν = L
λ
µν(h)−
1
2
[
δλµΦν + δ
λ
νΦµ − 3hµνhλρΦρ
]
, (33)
where Lλµν(h) represents the Christoffel symbols of hαβ . With this notation, we also find that Φλ ≡ ∂λ ln
√−h−Cλ.
Note that Σα
ν in Eq.(29), which is a function of the matter sources and the field Φα (see the discussion following 27),
determines the relative deformation between the metrics gµν and hµν . This deformation extends the idea of conformal
and disformal transformations to a more general scenario. Similar deformation matrices have been considered in the
literature in an heuristic manner (see [66] for details and references), which contrasts with the naturalness of our
approach.
The above manipulations and definitions allow us to rewrite (24) in a more convenient form starting with its
representation given in (27). It is easy to see that (27) can be written as
Pµ
αΣα
ν = κ2Tµ
ν + τµ
ν +
f˜
2
δµ
ν . (34)
Since Pµ
αΣα
ν ≡ R(µβ)hβν
√
detΣ, we finally get
R(µα)(C) =
[
κ2Tµ
ν + τµ
ν +
f˜
2
δµ
ν
]
hνα√
detΣ
. (35)
Using (33) to construct R(µα)(C), we find
R(µα)(C) ≡ Rµα(h)−
3
2
ΦµΦα , (36)
where Rµα(h) represents the Ricci tensor of the metric hµν , which is symmetric by construction (because L
λ
λρ(h) =
∂ρ ln
√−h and, therefore, R[µν] = 12
[
∂µL
λ
λν(h)− ∂νLλλµ(h)
]
= 0) . This allows to express (35) as
Rµ
α(h) =
1√
detΣ
[
κ2Tµ
α + τµ
α +
f˜
2
δµ
α
]
+
3
2
ΦµΦνh
να . (37)
The above equation can also be written in terms of the metric gµν only. Since the difference between any two
connections is a tensor, one finds that 0 = ∇hλhµν = ∇gλhµν − Xαλµhαν − Xαλνhµα, where Xαλµ is a tensor and
8∇hλ represents the covariant derivative associated to the Levi-Civita connection of the metric hαβ , i.e., ∇hλAµ =
∂λAµ − Lαλµ(h)Aα. Straightforward manipulations allow to obtain an explicit expression for Xαλµ, which becomes
Xαλµ =
hαρ
2
[∇gλhρµ +∇gµhρλ −∇gρhλµ] . (38)
With this expression, one can rewrite Rµα(h) as
Rνβ(h) = Rνβ(g) +∇LλXλνβ −∇LνXλλβ +XλνβXααλ −XλαβXανλ. (39)
In many cases of interest, however, it is possible and much more convenient to work directly with hµν [41, 43–48].
The equations (25) governing the behavior of the antisymmetric part of the Ricci tensor can be written as
∂λ[
√−gfˆQAF βλ] =
3
10
√
−hΦρhρβ = 3
10
√−gΦαΣαβ , (40)
where F βλ = gβαgλρFαρ, and Fαρ =
1
2 [∂αCρ − ∂ρCα] = 12 [∂αΦρ − ∂ρΦα], because the difference between Cρ and Φρ
is the gradient of a scalar.
If we particularize our general f(B,QS, QA) Lagrangian to the simple case f(B,QS , QA) = B+αQA, we recover a
case studied in [67] (see also [68, 69]). In this case fˆQA = α, and from (29) one finds that Σα
ν = δα
ν , which implies
hµν = gµν . Elementary manipulations allow to show that the theory is equivalent to the Einstein-Proca system, with
Φλ ≡ ∂λ ln
√−h− Cρρλ playing the role of the (Proca) vector potential.
Our results allow to study generalizations of the Einstein-Proca system to the case of non-linear Proca Lagrangians,
fˆQA 6=constant, and beyond, with Σαβ 6= δβα. It is important to note that, regardless of the particular Lagrangian
chosen, the vector and metric field equations are always second-order (though non-linear in general). This can be
explicitly seen from (40), which governs the vector field, and from (37) together with the relations (32) and (39), which
specify the algebraic relation between hµν and gµν and which do not contain higher than second-order derivatives of
either of these metrics.
B. Spaces with a non-symmetric connection
We now consider a general family of Ricci-squared theories but assume that the connection is made symmetric a
posteriori, i.e., torsion is allowed by construction but is set to zero after performing the variation of the action.
To proceed, we shall closely follow the derivation performed in [62, 63]. Now the theory under analysis is
f(R,QS, QA) with R ≡ gµνR(µν), QS = R(µν)R(µν), and QA = R[µν]R[µν], where we have replaced Bµν tensors
by the Rµν ones, as compared to the previous subsection, to take into account that they include now a torsion
contribution (for simplicity we shall neglect the Q∗A piece here as well). Thus M
βν in (22) now becomes
Pα
βµν = δµα
[
fRg
βν + 2fQSR
(βν) + 2fQAR
[βν]
]
≡ δµαMβν . (41)
To work out in this case the equation for the connection, we insert (41) in (16) and tracing over α and ν we obtain
∇Cλ [
√−gMβλ] = (2√−g/3)[SσλσMβλ + (3/2)SβλµMλµ] and with this we can rewrite the connection equation (16) as
1√−g∇
C
α [
√−gMβν ] = SναλMβλ − SνβλMλν − SλαλMβν +
2
3
δναS
σ
λσM
βλ (42)
whose symmetric and antisymmetric components are, respectively,
1√−g∇
C
α [
√−gM (βν)] = SναλM [βλ] − SνβλM [λν] − SλαλM (βν) +
+
Sσλσ
3
(δναM
βλ + δβαM
νλ) (43)
1√−g∇
C
α [
√−gM [βν]] = SναλM (βλ) − SνβλM (λν) − SλαλM [βν] +
+
Sσλσ
3
(δναM
βλ − δβαMνλ) (44)
9Before setting the torsion to zero and comparing with the results of the previous subsection, we carry out a few
additional manipulations to simplify the structure of these equations, which will bring new insights on the coupling
between the symmetric and antisymmetric parts of Mαβ. We thus introduce a new connection Γ˜λαβ such that
Γλαβ = Γ˜
λ
αβ −
2
3
δλνS
σ
σµ. (45)
This change implies that S˜λµν ≡ Γ˜λ[µν] satisfies S˜σσν = 0. The symmetric and antisymmetric components of Γ˜λµν are
related to those of Γλµν by
Cλµν = C˜
λ
µν −
1
3
(δλνSµ + δ
λ
µSν) (46)
Sλµν = S˜
λ
µν −
1
3
(δλνSµ − δλµSν), (47)
where Sµ = S
λ
λµ, which is in general nonvanishing, as opposed to S˜µ = S˜
λ
λµ = 0, as easily seen from (47). The relation
of the Ricci tensor in the connections Γλαβ and C˜
λ
αβ becomes (from now on we denote ∇˜µ ≡ ∇C˜µ )
Rβν(Γ) = Rβν(C˜) +
1
3
[∇˜νSβ − ∇˜βSν ] + ∇˜λS˜λνβ − S˜λκβS˜κνλ, (48)
which in terms of the symmetric and antisymmetric components reads
R(βν)(Γ) = R(βν)(C˜)− S˜λκβS˜κνλ (49)
R[βν](Γ) = R[βν](C˜) +
1
3
[∇˜νSβ − ∇˜βSν ] + ∇˜λS˜λνβ . (50)
Let us recall that from (21) and (46) we have
R[βν](C˜) =
1
2
[∇˜βC˜ν − ∇˜νC˜β ], (51)
where C˜β = C˜
λ
λβ . This equation simply tells us that in the connection C˜
λ
µν the antisymmetric part of the Ricci tensor
can be expressed as the rotational of the vector C˜µ.
Collecting all these results, the symmetric and antisymmetric parts of the connection equation (42) become
1√−g ∇˜α[
√−gM (βν)] = Λ(+)βνκρα M[κρ] (52)
1√−g ∇˜α[
√−gM [βν]] = Λ(−)βνκρα M(κρ), (53)
where M (βν) = fRg
βν + 2fQSR
(βν)(Γ) and M [βν] = 2fQAR
[βν](Γ) and we have defined the objects
Λ(±)
βνκρ
α =
[
S˜ναλg
βκ ± S˜βαλgνκ
]
gλρ. (54)
These equations clearly show that the symmetric and antisymmetric parts of Mβν are not directly coupled, which
contrasts with (25). Instead, they couple to each other via torsion, through the traceless tensor S˜ναλ.
1. Torsionless scenario
In general, when the tensor S˜ναλ vanishes, we find that Λ
(±)βνκρ
α = 0, which implies the decoupling between M
(βν)
andM [βν]. This choice still leaves unspecified a part of the torsion tensor, Sναλ =
1
3 (δ
ν
αSλ−δνλSα), which is determined
by a vector and needs not be zero. From (49) and (50) we see that in this case
R(βν)(Γ) = R(βν)(C˜) (55)
R[βν](Γ) = R[βν](C˜) +
1
3
[∇˜νSβ − ∇˜βSν ]
=
1
2
[∇˜νΨβ − ∇˜βΨν] = 1
2
[∂νΨβ − ∂βΨν ] , (56)
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where Ψν ≡ C˜ν − 23Sν , and the last result follows because C˜λµν is a symmetric connection.
Since the connection does not appear explicitly in the expression of Fβν ≡ R[βν](Γ), the metric variation of these
theories can be manipulated in the same way as in the previous subsection. Starting with the analogous of (23),
fRR(µν) + 2g
αβ
[
fQSR(µα)R(νβ) + fQAFµαFνβ
]− f
2
gµν = κ
2Tµν , (57)
the Fβν -dependent terms can be transferred to the right-hand side of the field equations (we may assume, as before,
that the Lagrangian can be written as f(R,QS, QA) = f˜(R,QS)+ fˆ(QA), though this aspect is not essential for what
follows). Then one index is raised with gνα and the resulting algebraic quadratic equation for the matrix Pµ
ν can be
(formally) solved by means of algebraic manipulations, which implies that the tensor Σα
µ defined in (29) (with the
notational replacement B → R) is just a function of the matter sources and the field Fβν . Using the definitions
hµν = gµαΣα
ν/
√
detΣ , hµν ≡ (
√
detΣ)[Σ−1]µ
α
gαν , (58)
and taking into account (55), we find that (57) can be expressed as
R(µα)(C˜) =
[
κ2Tµ
ν + τµ
ν +
f˜
2
δµ
ν
]
hνα√
detΣ
, (59)
where τµ
ν is defined exactly as in (28). On the other hand, (52) and (53) turn into
∇˜α[
√
−hhβν] = 0 (60)
∇˜α[
√−gfˆQAF [βν]] = 0 . (61)
It is easy to verify that (60) implies that C˜λµν is given by the Christoffel symbols of hβν, i.e., C˜
λ
µν = L
λ
µν(h). As a
result, the connection Γλµν can be written as
Γλµν = L
λ
µν(h)−
2
3
δλνSµ . (62)
The fact that C˜λµν is metric compatible, implies that R[βν](C˜) = 0 because C˜µ ≡ C˜λλµ = ∂µ ln
√−h. A direct
consequence of this is that Fµν ≡ 12 [∂νΨβ − ∂βΨν ] = − 13 [∂νSβ − ∂βSν ]. This means that in the completely torsionless
case Fµν ≡ 0, i.e., the Ricci tensor of the connection is totally symmetric, and the antisymmetric part plays no role in
the dynamics (note that in that case τµ
ν ≡ 0). The field equations for these torsionless theories, therefore, boil down
to the following
Rµ
ν(h) =
1√
detΣ
[
κ2Tµ
ν +
f˜
2
δµ
ν
]
, (63)
and should be compared with Eqs. (37) and (40) corresponding to the a priori torsionless case. Eq. (63) must
be supplemented with the field equations for the matter sources. Examples with perfect fluids, scalar fields, and
electromagnetic fields have been considered in [38, 41, 43–46].
Before concluding this section, we note that (57) can be written as (recall that Pµ
ν ≡ R(µα)gαν)
2fQS
(
Pˆ +
fR
4fQS
Iˆ
)2
=
(
f2R
8fQS
+
f
2
+ κ2Tˆ
)
Iˆ , (64)
where the hat represents a matrix. In vacuum, Tˆ = 0, implies that Pˆ can be written as Pˆ = Λ(Rvac, QvacS )Iˆ, where the
explicit form of Λ(Rvac, QvacS ) can be found straightforwardly from (64) but is unessential for the current discussion.
The point is that the relations Rvac = Pµ
µ = 4Λ(Rvac, QvacS ), and Q
vac
S = [P
2]µ
µ
= 4Λ2(Rvac, QvacS ) imply that the
values of Rvac and QvacS are constant and in the relation Q
vac
S = (R
vac)2/4. In addition, Pˆ = Λ(Rvac, QvacS )Iˆ also
implies that hµν and gµν are related by a constant conformal factor [see Eqs. (29) and (58)]. As a result, (63) tells
us that Rµν(h) = C
vachµν ↔ Rµν(g) = C˜vacgµν , with Cvac and C˜vac constant (and identical in an appropriate
system of units), which confirms that the vacuum equations coincide with the vacuum Einstein equations with a
cosmological constant (whose magnitude depends on the particular gravity Lagrangian). This shows that Palatini
f(R,QS, QA) theories with vanishing torsion a posteriori recover the usual Einstein-de Sitter equations in vacuum.
These theories, therefore, do not introduce any new propagating degrees of freedom besides the standard massless
spin-2 gravitons and are free from the ghost-like instabilities present in the (higher-derivative) metric formulation of
these same theories.
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IV. CONNECTIONS WITH AN INVARIANT VOLUME
In the previous section we have seen that in theories with a symmetric connection (regardless of whether this
condition is imposed a priori or a posteriori) the existence of an auxiliary metric hµν capturing an important part of
the connection is always present. In this section we comment on this important aspect to explain the reasons for its
existence and role.
The conditions for a symmetric connection to be Riemannian, i.e., to be the Levi-Civita connection of a metric, have
been studied in the literature [70–74]. These conditions are intimately related to the existence of a conserved volume,
i.e., of a scalar density such that ∇α
√−h = 0. It seems to be well established that a necessary and sufficient condition
for a symmetric connection to have an invariant volume is that Rλλµν = 0 which, according to our definition (2), is
equivalent to R[µν] = 0. This condition can be understood as follows. If for a given symmetric connection C
α
µν there
exists a rank-two, non-degenerate tensor hαβ such that ∇Cα
√−h = 0, one has that ∇Cα
√−h = ∂α
√−h−Cλλα
√−h = 0
or, equivalently, that Cα ≡ Cλλα = ∂α ln
√−h. Since Cα is the gradient of a scalar, it follows from (21) that R[µν](C) =
0. One should note, in this sense, that for a given hαβ any two connections satisfying ∇Cα
√−h = 0 = ∇Ĉα
√−h must
be related by
Cαµν = Ĉ
α
µν +
1
5
(
δαµψν + δ
α
ν ψµ
)− hµνψα , (65)
where ψα ≡ hαλψλ. As can be readily verified, this is so because Cλλµ = Ĉλλµ. Therefore, connections related in this
way possess the same invariant volume.
When R[µν](C) 6= 0, it is possible to introduce a new (symmetric) connection C˜λαβ such that R[βν](C˜) = 0. The
connection C˜λαβ is thus associated with a rank-two tensor. This is achieved by defining
Cλαβ = C˜
λ
αβ + δ
λ
βϕα + δ
λ
αϕβ , (66)
where ϕµ is a vector field. From (66) we find that
R[βν](C) = R[βν](C˜) +
5
2
(∇˜βϕν − ∇˜νϕβ) , (67)
and comparing with (51) it is evident that in order to have R[βν](C˜) = 0 we must take ϕν =
1
5Cν .
We are now ready to understand the form of the connection found in Sec. III A [see Eq. (33)]. Since for that family of
theories with an a priori symmetric connection B[µν](C) ≡ R[µν](C) 6= 0 in general, it is possible to introduce another
symmetric connection C˜λαβ such that B[µν](C˜) = 0. This connection must be related to C
λ
αβ through a transformation
of the form (66). However, the last term in (33) prevents a simple and direct identification of the vector ϕβ involved
in the transformation. We must, therefore, take care of that term first by considering another symmetric connection
of the form (65), Ĉλαβ , which leaves invariant the same volume. We thus see that the identification ψλ = − 32Φλ leads
us to ϕλ = − 15Φλ, with C˜λαβ = Lλαβ(h).
The case of Sec. III B is much more direct, because when the connection is made symmetric by setting the torsion
to zero, we find R[µν](C) = 0 and the existence of an invariant volume is automatically guaranteed, as it follows from
(56) and (60).
We would like to mention here that the existence of invariant volumes at each space-time point associated to the
connection might be of physical relevance in high-energy scenarios. In fact, it has been suggested that such structures
could be a manifestation, in the classical continuum limit, of a more fundamental discrete quantum structure of space-
time itself [75, 76]. The crucial role played by the connection in the definition of such invariant volumes suggests that
the cellular microscopic structure of space-time could be more closely related to the affine properties of the manifold
than to its chrono-geometric properties. The consideration of independent metric and affine structures in the study
of quantum gravity phenomenology [38] is thus an aspect that should be further explored.
V. SUMMARY AND CONCLUSIONS
In this work we have studied the field equations of a rather general family of theories in which the gravity Lagrangian
is a functional of the metric and an independent affine connection. We have shown that assuming the connection
to be symmetric i) a priori or ii) a posteriori has a non-trivial impact on the resulting field equations, which are
different in general. For concreteness and to make contact with existing literature, we have particularized our analysis
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to Ricci-squared theories of the form f(R,QS, QA), where R = g
µνRµν , QS = R(µν)R
(µν), and QA = R[µν]R
[µν].
We have been able to exactly solve for the connection Γλµν in both cases, finding that it can be decomposed into
a Levi-Civita part plus other terms determined by a vector degree of freedom [see Eqs.(33) and (62)]. The Levi-
Civita part is due to the existence of an invariant volume associated with an auxiliary metric hµν , which is related
with gµν via a deformation matrix Σα
β that depends algebraically on the matter sources [see (29)]. In case i), the
vector field is related to the contraction Cλλρ of the (symmetric) connection plus the gradient of a scalar function,
Φρ ≡ ∂ρ ln
√−h− Cλλρ, whereas in case ii) it is related to the contraction Sλλρ of the (antisymmetric) torsion tensor
plus a gradient, Ψν ≡ ∂ν ln
√−h− 23Sν . Since this vector is the origin of the antisymmetric part of the Ricci tensor,
case i) introduces, in general, a dynamical vector degree of freedom governed by (40). In case ii), however, setting the
torsion to zero implies the vanishing of Sν and hence the vanishing of R[µν]. As a result, in case ii) the antisymmetric
part of the Ricci tensor plays no role in the dynamics when the connection is made symmetric, which provides a solid
justification for the choice R[µν] = 0 made in previous works [38, 41, 43–45, 77]. In case i), the non-vanishing R[µν]
implies the existence of a dynamical vector field, which allows to generalize the well known Einstein-Proca system to
the case of non-linear Proca Lagrangians and beyond (see Sec. III A).
To conclude, we remark that two important lessons of general interest follow from our analysis: 1) that if non-linear
curvature corrections appear in the theory, then the consideration or not of torsion is crucial to correctly define the
theory and its field equations, and 2) that (a part of) the connection in metric-affine theories with non-linear curvature
corrections has associated an invariant volume which, in general, does not coincide with that defined by the metric
appearing in the action. A detailed study of the role of torsion in these theories is currently underway. The potential
relation between the existence of an invariant volume and the lack of higher-order derivatives and ghosts in these
theories will also be explored elsewhere.
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